
proof by mathematical induction
examples
proof by mathematical induction examples serve as essential tools in understanding
and applying one of the most fundamental methods of mathematical proof. This technique
is widely used to establish the truth of an infinite sequence of statements, typically indexed
by natural numbers. Mastering proof by mathematical induction is crucial for students and
professionals dealing with discrete mathematics, computer science, and various branches
of theoretical mathematics. This article delves into several comprehensive proof by
mathematical induction examples, illustrating the step-by-step process to demonstrate the
validity of propositions. It will also discuss the principle behind induction, common pitfalls,
and tips for constructing sound inductive proofs. By exploring diverse examples, readers
can gain a deeper grasp of how to leverage this powerful proof method effectively.
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The Principle of Mathematical Induction
The principle of mathematical induction is a fundamental proof technique used to verify
that a statement P(n) holds true for all natural numbers n greater than or equal to a certain
base case. It involves two main steps: the base case and the inductive step. First, the base
case verifies that the statement is true for the initial value, usually n = 1 or n = 0. Next, the
inductive step assumes that the statement holds for some arbitrary natural number k (the
induction hypothesis) and then proves that it must also be true for k + 1. Successfully
completing these steps ensures the statement’s validity for all natural numbers beyond the
base case. This logical approach is often likened to a domino effect, where pushing the first
domino (base case) causes all subsequent dominoes (statements for all n) to fall.

Simple Proof by Mathematical Induction Example
To illustrate proof by mathematical induction examples, consider the proposition that the
sum of the first n odd numbers equals n squared. Formally, this can be expressed as:



1 + 3 + 5 + ... + (2n - 1) = n²

This example demonstrates the basic structure of an inductive proof clearly and effectively.

Base Case
For n = 1, the left side is 1, and the right side is 1² = 1. Both sides are equal, so the base
case holds.

Inductive Step
Assume the statement holds for some arbitrary natural number k, meaning:

1 + 3 + 5 + ... + (2k - 1) = k²

Now, consider n = k + 1:

1 + 3 + 5 + ... + (2k - 1) + (2(k + 1) - 1) = k² + (2k + 1) = (k + 1)²

This confirms the statement is true for k + 1, completing the inductive step.

Sum of the First n Natural Numbers
Another classical example in proof by mathematical induction examples is the formula for
the sum of the first n natural numbers:

1 + 2 + 3 + ... + n = n(n + 1)/2

This proposition can be verified using induction to solidify understanding of the method and
its practical applications.

Base Case
When n = 1, the sum is 1, and the right side equals 1(1 + 1)/2 = 1, so the base case is true.

Inductive Step
Assume for n = k, the sum holds:

1 + 2 + 3 + ... + k = k(k + 1)/2

For n = k + 1, add (k + 1) to both sides:

1 + 2 + 3 + ... + k + (k + 1) = k(k + 1)/2 + (k + 1)

Factoring (k + 1) yields:

k(k + 1)/2 + (k + 1) = (k + 1)(k/2 + 1) = (k + 1)(k + 2)/2

This matches the formula with n replaced by k + 1, confirming the inductive step.



Proof of Inequalities Using Induction
Proof by mathematical induction examples are not limited to equalities; they also extend to
inequalities. Inductive proofs are often utilized to confirm that certain inequalities hold for
all natural numbers, such as demonstrating growth behavior or bounding functions.

Example: Proving 2ⁿ ≥ n + 1 for n ≥ 0
This inequality claims that powers of 2 grow at least as fast as a linear function of n plus
one.

Base Case
For n = 0, 2⁰ = 1 and n + 1 = 1, so the inequality holds with equality.

Inductive Step
Assume 2ᵏ ≥ k + 1 for some k ≥ 0. Then for n = k + 1:

2ᵏ⁺¹ = 2 · 2ᵏ ≥ 2(k + 1) = 2k + 2

Since k + 2 ≤ 2k + 2 for k ≥ 0, it follows that:

2ᵏ⁺¹ ≥ k + 2 = (k + 1) + 1

Therefore, 2ⁿ ≥ n + 1 holds for n = k + 1, completing the proof.

Induction in Divisibility Problems
Divisibility statements provide another rich area for proof by mathematical induction
examples. Inductive reasoning can confirm that certain expressions are divisible by a fixed
integer for all natural numbers.

Example: Prove 7ⁿ - 1 is divisible by 6 for all n ≥ 1
This problem verifies that the expression 7ⁿ - 1 produces multiples of 6 for all positive
integers n.

Base Case
For n = 1, 7¹ - 1 = 6, which is divisible by 6.



Inductive Step
Assume 7ᵏ - 1 is divisible by 6, meaning there exists an integer m such that 7ᵏ - 1 = 6m.

Consider n = k + 1:

7ᵏ⁺¹ - 1 = 7 · 7ᵏ - 1 = 7(7ᵏ - 1) + 7 - 1

By the induction hypothesis, 7ᵏ - 1 = 6m, so:

7ᵏ⁺¹ - 1 = 7 · 6m + 6 = 6(7m + 1)

This expression is divisible by 6, confirming the inductive step.

Strong Induction and Its Examples
Strong induction, a variation of the standard induction method, assumes the statement
holds for all natural numbers less than or equal to k to prove it for k + 1. This approach is
particularly useful when the truth of P(k + 1) depends on multiple previous cases rather
than just P(k).

Example: Proving Every Natural Number Greater Than 1
is a Product of Primes
This fundamental theorem in number theory can be established using strong induction.

Base Case
For n = 2, the number is prime itself, so it is trivially a product of primes.

Inductive Step
Assume every number from 2 up to k can be factored into primes. For n = k + 1:

If k + 1 is prime, it is already a product of primes (itself).

If k + 1 is composite, it can be expressed as a product of two natural numbers a and
b, both less than or equal to k.

By the induction hypothesis, both a and b can be factored into primes. Multiplying these
prime factorizations gives the prime factorization of k + 1.

This completes the strong induction proof.



Frequently Asked Questions

What is a simple example of proof by mathematical
induction?
A classic example is proving that the sum of the first n natural numbers is (n(n+1))/2. The
base case for n=1 holds since 1 = (1*2)/2. Assuming true for n=k, we prove for n=k+1 by
adding (k+1) to both sides.

How do you prove that the sum of the first n odd
numbers is n² using induction?
Base case: For n=1, sum is 1 which equals 1². Assume true for n=k, meaning sum of first k
odd numbers is k². For n=k+1, add the next odd number (2k+1) to k², resulting in k² + 2k
+1 = (k+1)², proving the statement.

Can mathematical induction be used to prove
inequalities? Give an example.
Yes, induction can prove inequalities. For example, prove that 2^n ≥ n+1 for all n≥1. Base
case: 2^1=2 ≥ 2. Assume true for n=k, so 2^k ≥ k+1. For n=k+1, 2^{k+1} = 2*2^k ≥
2(k+1) ≥ (k+1)+1, completing the induction.

What is strong induction and how does it differ from
simple induction?
Strong induction assumes the statement is true for all values up to n=k to prove it for
n=k+1, rather than assuming it for just n=k. This is useful when the proof for n=k+1
depends on multiple previous cases.

How to prove the formula for the sum of a geometric
series using induction?
To prove S_n = a(1 - r^n)/(1 - r) for r ≠ 1, base case n=1 holds as S_1 = a. Assume true for
n=k, then for n=k+1, S_{k+1} = S_k + ar^k. Substitute the assumption and simplify to get
the formula for n=k+1.

Can you provide an example of induction proof
involving divisibility?
Prove that 7 divides 8^n - 1 for all n≥1. Base case n=1: 8^1 -1 =7, divisible by 7. Assume
true for n=k, so 7 divides 8^k -1. Then for n=k+1, 8^{k+1} -1 = 8*8^k -1 = 8(8^k -1) +7.
This is divisible by 7, completing the induction.



What are common mistakes to avoid in proofs by
induction?
Common mistakes include not verifying the base case properly, assuming the statement for
n=k+1 without justification, and failing to correctly apply the induction hypothesis. It's
important to clearly state both the base case and the inductive step.

Additional Resources
1. “Mathematical Induction: A Practical Approach”
This book offers a clear and accessible introduction to the principle of mathematical
induction. It includes a wide variety of examples ranging from simple arithmetic sequences
to more complex combinatorial problems. Each chapter builds on previous ones, helping
readers develop a strong foundation in inductive reasoning.

2. “Proofs and Fundamentals: An Introduction to Mathematical Induction”
Designed for beginners, this text explores the basics of mathematical induction and its
applications in proving statements about integers. The author carefully explains different
forms of induction, including strong induction, with numerous illustrative examples.
Exercises at the end of each chapter reinforce understanding.

3. “Inductive Reasoning in Mathematics: Theory and Examples”
This comprehensive book delves into the theory behind mathematical induction and
provides detailed examples from various branches of mathematics. It also discusses
common pitfalls and how to avoid them when constructing inductive proofs. The book is
suitable for advanced high school and undergraduate students.

4. “Elementary Number Theory and Mathematical Induction”
Focusing on number theory, this book demonstrates how mathematical induction can be
used to prove properties of divisibility, prime numbers, and arithmetic functions. It
integrates theory with practice, providing numerous examples and exercises that highlight
the power of induction in number theory proofs.

5. “Discrete Mathematics: Induction and Recursion”
This textbook covers core discrete mathematics topics, with a strong emphasis on proof
techniques including mathematical induction. It includes a variety of examples on
sequences, series, and recursive definitions, making it an excellent resource for computer
science students as well.

6. “A Step-by-Step Guide to Mathematical Induction”
Ideal for self-study, this guide breaks down the induction process into manageable steps,
accompanied by clear examples and detailed explanations. It covers both standard and
strong induction, helping readers build confidence in their proof-writing skills.

7. “Mathematical Induction and Its Applications”
This book explores the many applications of mathematical induction across different fields
of mathematics, such as algebra, combinatorics, and graph theory. It provides a rich
collection of examples, demonstrating how induction is a versatile tool for proving a wide
range of mathematical statements.



8. “Understanding Mathematical Proofs: Induction and Beyond”
Focusing on proof techniques, this book introduces readers to mathematical induction
alongside other fundamental methods. It emphasizes understanding the underlying logic
through examples and exercises, helping students transition from computational problem-
solving to rigorous proof construction.

9. “Mathematical Induction in Problem Solving”
This problem-oriented book presents numerous challenging problems that can be solved
using mathematical induction. Each problem is accompanied by a detailed solution,
illustrating different strategies and variations of induction. It is particularly useful for
students preparing for mathematics competitions or exams.
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