linear algebra change of basis

linear algebra change of basis is a fundamental concept in linear algebra that involves
transforming vectors and linear transformations from one coordinate system to another.
This process is essential for understanding how different vector spaces relate to each
other and is widely used in various mathematical and applied fields such as computer
graphics, engineering, physics, and data science. The change of basis allows for a more
convenient or insightful representation of vectors and linear operators by expressing them
in different bases. This article will explore the definition and importance of change of
basis, the mathematical formulation, methods for computing change of basis matrices, and
applications in solving linear algebra problems. Additionally, it will cover the relationship
between coordinate transformations and matrix similarity, providing a comprehensive
understanding of this crucial topic.
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Understanding the Concept of Change of Basis

The concept of change of basis in linear algebra refers to expressing vectors and linear
transformations with respect to different sets of basis vectors. A basis of a vector space is
a set of linearly independent vectors that span the entire space. Since there are infinitely
many possible bases for a vector space, changing from one basis to another can provide
new perspectives and simplify problems.

For example, a vector can be represented differently depending on the chosen basis, and
similarly, the matrix representation of a linear transformation varies with the basis. The

process of changing basis is crucial for tasks such as diagonalizing matrices, simplifying

computations, and understanding geometric interpretations.

Why Change Basis?

Changing basis is often motivated by the need to:

e Simplify the representation of vectors or matrices.

e Reveal intrinsic properties such as eigenvalues and eigenvectors.



e Facilitate computations in different coordinate systems.

e Understand transformations in contexts like rotations, reflections, and scaling.

Basic Terminology

Before diving deeper, it is important to recall some key terms:

e Vector space: A set of vectors where vector addition and scalar multiplication are
defined.

e Basis: A linearly independent set of vectors that spans the vector space.
e Coordinates: The components of a vector relative to a particular basis.

¢ Linear transformation: A function between vector spaces that preserves vector
addition and scalar multiplication.

Mathematical Formulation of Change of Basis

The formal mathematical framework for change of basis involves expressing vectors and
linear transformations in terms of new bases. Suppose a vector space V has two bases: B
= {b,, b,, ..., b} and B' = {b'}, b",, ..., b',}. The goal is to convert the coordinate
representation of any vector v from basis B to basis B'.

Coordinate Vectors and Basis Representation

A vector v in V can be written as:
v=x,b, +x,b,+ ... +x, b,

where the scalars x; are the coordinates of v in basis B, forming the coordinate vector [v];
T
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Similarly, v can be expressed in the new basis B' as:
v=y,b,+y,b,+..+y,b,

with coordinates [Vly = (Y1, Vo «ov) Vo)

Change of Basis Matrix

The change of basis matrix P from B' to B transforms coordinate vectors from the new
basis back to the original basis:

[V]B = P[V]B'



This matrix P is constructed by expressing each vector of the new basis B' in terms of the
old basis B, placing these coordinate vectors as columns in P.

Computing the Change of Basis Matrix

Constructing the change of basis matrix is a critical step in performing coordinate
transformations. This section details the method for computing this matrix along with
examples.

Step-by-Step Construction

To compute the change of basis matrix P from basis B' to basis B, follow these steps:

1. Express each vector of the new basis B' in terms of the original basis B.
2. Determine the coordinates of each B' vector with respect to B.

3. Form a matrix P whose columns are these coordinate vectors.

The resulting matrix P converts coordinates from the B' basis to the B basis.

Example

Consider a vector space R* with basis B = {(1,0), (0,1)} (the standard basis) and another
basis B' = {(1,1), (1,-1)}. The change of basis matrix P from B' to B is found by expressing
the vectors of B' in terms of B:

e b', =(1,1) = 1*(1,0) + 1*(0,1)

e b, = (1,-1) = 1%(1,0) + (-1)*(0,1)

Thus, the matrix P is:
P=[[1,1],[1,-1]]

This matrix allows transformation of coordinate vectors from the B' basis to the B basis.

Inverse Change of Basis Matrix

The inverse matrix P" converts coordinates from the original basis B to the new basis B'. It
is important to note that P must be invertible, which is guaranteed if both B and B' are
bases (i.e., sets of linearly independent vectors).



Applications of Change of Basis in Linear Algebra

Change of basis is not merely a theoretical tool; it has numerous practical applications
across different areas of linear algebra and beyond.

Diagonalization of Matrices

One of the most important applications is the diagonalization of matrices. By choosing the
basis composed of eigenvectors of a matrix, the matrix representation becomes diagonal,
simplifying powers and exponentials of the matrix.

Coordinate Transformations in Geometry

In geometry and computer graphics, changing bases corresponds to changing coordinate
systems. This is useful for rotations, scaling, and other transformations that can be more
easily described in an appropriate basis.

Solving Linear Systems

Change of basis can simplify the process of solving systems of linear equations by
transforming the system into a more manageable form.

Principal Component Analysis (PCA)

In data science and statistics, PCA uses change of basis to transform data into a
coordinate system aligned with the directions of maximum variance, facilitating
dimensionality reduction and feature extraction.

Change of Basis and Matrix Similarity

Change of basis is closely related to the concept of matrix similarity, which is fundamental
in understanding linear transformations in different coordinate systems.

Definition of Matrix Similarity

Two nXxn matrices A and B are similar if there exists an invertible matrix P such that:
B=P'AP

This relation implies that A and B represent the same linear transformation but relative to
different bases.



Connection to Change of Basis

When changing the basis of a vector space, the matrix representation of a linear operator
changes by similarity transformation. Specifically, if A is the matrix of a linear
transformation with respect to basis B, then the matrix with respect to basis B' is:

A, =P'AP

where P is the change of basis matrix from B' to B.

Implications of Matrix Similarity

Matrix similarity preserves important properties such as eigenvalues, determinant, trace,
and rank. Therefore, studying matrices up to similarity is essential in understanding the
intrinsic properties of linear transformations independent of the choice of basis.

Frequently Asked Questions

What is a change of basis in linear algebra?

A change of basis in linear algebra is the process of converting the coordinates of vectors
or the representation of linear transformations from one basis to another basis in the same
vector space.

How do you represent a change of basis using matrices?

A change of basis is represented by an invertible matrix called the change of basis matrix,
which transforms coordinate vectors from the original basis to the new basis.

What is the formula to change the coordinates of a
vector from basis B to basis C?

If P is the change of basis matrix from basis B to basis C, then the coordinate vector [v] C
= P [v] B, where [v] B and [v] C are the coordinates of vector v in bases B and C
respectively.

How do you find the change of basis matrix between two
bases?

To find the change of basis matrix from basis B to basis C, express each vector of basis B
as a linear combination of vectors in basis C. The coefficients form the columns of the
change of basis matrix.

What happens to the matrix representation of a linear



transformation under a change of basis?

Under a change of basis, the matrix representation A of a linear transformation transforms
to A' =P~ {-1} AP, where P is the change of basis matrix.

Why is the change of basis matrix always invertible?

Because both bases consist of linearly independent vectors that span the space, the
change of basis matrix is always invertible, ensuring a one-to-one correspondence
between coordinates in the two bases.

Can change of basis simplify the matrix of a linear
operator?

Yes, by choosing an appropriate basis (such as an eigenbasis), the matrix of a linear
operator can be simplified, often to a diagonal or Jordan normal form, facilitating easier
computations.

How is the identity matrix related to change of basis?

The identity matrix represents the linear transformation with respect to the same basis;
when changing basis, the identity matrix transforms into the change of basis matrix or its
inverse depending on direction.

Additional Resources

1. Linear Algebra and Its Applications by Gilbert Strang

This book provides a clear and comprehensive introduction to linear algebra, emphasizing
the concept of change of basis and its applications. Strang carefully explains how different
bases can simplify problems and transform coordinates. The text includes numerous
examples and exercises that illustrate the practical use of basis changes in various fields
such as engineering and computer science.

2. Introduction to Linear Algebra by Serge Lang

Serge Lang’s book is a classic introduction that covers the fundamental principles of linear
algebra, including a detailed discussion on change of basis. It provides rigorous proofs and
a clear explanation of how changing bases affects vector spaces and linear
transformations. The book is well-suited for students who want a deep understanding of
the theoretical aspects of linear algebra.

3. Linear Algebra Done Right by Sheldon Axler

Axler’s text takes a unique approach by focusing on vector spaces and linear maps without
initially relying on matrix representations. The change of basis is treated with elegance,
showing how it simplifies the understanding of eigenvalues and eigenvectors. This book is
ideal for readers interested in a more conceptual and proof-oriented approach to linear
algebra.

4. Matrix Analysis and Applied Linear Algebra by Carl D. Meyer



This book combines theory with practical applications, making it a valuable resource for
understanding change of basis in the context of matrices. Meyer provides thorough
explanations of similarity transformations and diagonalization, with numerous examples
from applied mathematics. The companion solutions manual helps reinforce concepts
related to basis changes.

5. Linear Algebra: A Geometric Approach by Theodore Shifrin and Malcolm Adams

This textbook emphasizes the geometric intuition behind linear algebra concepts,
including the change of basis. The authors illustrate how changing bases can be visualized
as rotations and scalings in space, helping readers grasp the underlying transformations.
It is particularly useful for students who benefit from a visual and conceptual learning
style.

6. Applied Linear Algebra by Peter J. Olver and Chehrzad Shakiban

Olver and Shakiban’s text focuses on practical applications of linear algebra, highlighting
the role of change of basis in solving real-world problems. The book covers computational
techniques and software tools that facilitate basis transformations. It is well-suited for
students in engineering, computer science, and applied mathematics.

7. Advanced Linear Algebra by Steven Roman

This advanced textbook delves deeply into the theoretical underpinnings of linear algebra,
including an extensive treatment of change of basis and its implications in module theory
and vector space isomorphisms. Roman’s rigorous approach is ideal for graduate students
or those seeking a thorough mathematical foundation. The book also covers canonical
forms and other advanced topics related to basis changes.

8. Linear Algebra and Geometry by P. K. Suetin, A. I. Kostrikin, and Yu. I. Manin

This book explores the interplay between linear algebra and geometry, with a focus on
how changing bases affects geometric objects and transformations. It presents a detailed
examination of coordinate changes and their geometric significance. The text is suitable
for readers interested in both algebraic and geometric perspectives.

9. Numerical Linear Algebra by Lloyd N. Trefethen and David Bau III

Trefethen and Bau’s book concentrates on computational methods in linear algebra,
including algorithms for changing bases effectively and stably. It addresses numerical
issues that arise during basis transformations and diagonalization. This book is essential
for those working in scientific computing and numerical analysis.
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